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Abstract 
In this paper we propose a nonlinear neuron model 
trained with Least Mean Square Error Reconstruction 
(LMSER) principle as a general realization of Hebbian 
mechanisms and apply it to a cortical self-organization 
model, Laterally Interconnected Synergetically Self-
organizing Map (LISSOM), which is a biologically mo-
tivated self-organizing model for the simultaneous de-
velopment of topographic maps and lateral interactions 
in the visual cortex. In the LISSOM, the simple Hebbian 
mechanism for afferent connections requires a redun-
dant dimension to be added to the input and normal-
ization is necessary. Another shortcoming of LISSOM 
is that several parameters must be chosen before the 
LISSOM can be used as a model of topographic map 
formation. The Least Mean Square Error Reconstruc-
tion (LMSER) learning for a nonlinear neuron can be 
considered as an effective alternative to the simple Heb-
bian rule for the afferent connections. Our preliminary 
experiments demonstrate the essential topographic map 
property from the improved LISSOM model. 

1 Introduction 
Linear neurons trained with an unsupervised Hebbian 
rule can learn to perform a linear statistical analysis of 
the input data, as was first shown by Oja [8, 9], who 
proposed a learning rule based on a single neuron which 
finds the first principal component of the covariance ma-
trix from the input statistics. Later on, a number of re-
searchers have devised numerous neural network mod-
els which can find the first k > 1 principal components. 
In [13, 14], a principle called Least Mean Squared Er
ror Reconstruction (LMSER) wa') proposed for a similar 

purpose. It has been shown that for one-layer linear net-
works the LMSER rule performs the principal subspace 
analysis. Recently a similar optimization problem was 
studied in [4, 5]. We should note that all these studies 
are closely related to auto-encoders or auto-association, 
which was investigated as early as in [2]. 

In previous studies of auto-encoder type networks, 
the role played by an individual unit is addressed less. 
It is generally accepted that the Hebbian synaptic plas-
ticity is a universal principle,which states that the in-
creasing synaptic efficacy is proportional to the correla-
tion between pre- and post synaptic activity. One may 
wonder if Hebbian mechanisms beyond the most sim-
ple form could bring some advantages. From this con-
sideration, we investigate an alternative form of Heb-
bian learning, based on the LMSER principle. In other 
words, we propose LMSER as a general realization of 
the Hebbian mechanism for a nonlinear neuron model 
with sigmoidal activation. 

As an illustration, we further incorporate the nonlin-
ear neuron LMSER learning with a newly proposed cor-
tical self-organization model. As is well-known, the to-
pographic map is a ubiquitous property in many cortical 
areas by which nearby neurons respond to nearby re-
gions of the retina. Such retinotopic maps usually result 
from the self-organization of the afferent connections to 
the cortex, which is driven by external input. In the past, 
several self-organization models have been proposed to 
demonstrate the topographic map property, which are 
often based on predetermined lateral interaction, and fo-
cus on explaining how the afferent connections become 
ordered. Kohonen's self-organizing map (SOM) is a 
representative model [6, 7]. The critical factor in gen-
erating topology-preserving mappings with the SOM is 
the use of a neighborhood function for updating neuron 
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weights. As a result, neighboring neurons cooperate and 
specialize for similar input signals and the neuron lattice 
organizes into an orderly topology-preserving state. In 
SOM, how the lateral interactions are self-organized has 
not been addressed. Recently, many neuro-biological 
experiments have stressed the importance of the devel-
opment of lateral connections. Therefore, a plausible 
cortical map model must demonstrate that both afferent 
and lateral connections can organize simultaneously. 

In [10], a cortical self-organization model was pro-
posed toward the aforementioned goal, which is called 
LISSOM (Laterally Interconnected Synergetically Self-
organizing Map). In LISSOM, lateral and afferent 
connections self-organize cooperatively, and with suit-
ably abstracted visual input'i, LISSOM can model self-
organization of visual cortical structures, for example, 
the development of ocular dominance. Afferent con-
nections in LISSOM are adapted via Hebbian learning, 
in exactly the same way as the lateral connections. As 
such, the input to LISSOM must be normalized. An
other shortcoming of LISSOM is that several parame-
ters must be carefully selected beforehand, especially 
the lower and upper thresholds in the piecewise linear 
approximation of the sigmoidal activation. 

In this paper, we propose to improve the LISSOM 
model by applying the nonlinear neuron model with 
LMSER learning rule. Specifically, we take neuron non-
linearity as a continuous sigmoidal function bounded 
between 0 and 1, for example, q(t) = 1/(1 + e-flt), 
with a nonlinearity parameter f3 being dynamically 
adapted in the self-organization process. In the self-
organization process, the afferent connections are modi-
fied according the LMSER learning rule. Our prelim-
inary simulation results demonstrate the essential to-
pographic map property from the improved LISSOM 
model. 

2 Least Mean Square Error Re
construction (LMSER) Learning 
for a Nonlinear Neuron 

The essential aspect of self-association is the recon-
struction principle, which is embodied in a number 
of neural network models, for example, various auto-
associative memory models, the ART and BAM archi-
tectures [3], and has been studied in great length for the 
linear case [1]. As an optimization issue, there are many 
specific objective functions toward best reconstruction, 
among which minimal squared error is simple and of-
ten used. Consider a single-layer network architecture 
as shown in Figure 1, which has L input units and M 
output units, with L x M bottom-up connections W 
and symmetrical top-down connections wr. The col-
umn vector w(m) = [w1 (m),w2(m), .. · ,wL(m)jT 
represents the weights associated with the m-th out-

Figure 1: A forward-backward single layer network for 
auto-association. 

put unit, which has a post'iynaptic potential hm = Ef=1 w;(m)x; = xTw(m). Generally, a nonlinear 
transfer function I acts on the postsynaptic potential, 
yielding nonlinear activations y = [Yl> · · ·, YM ]T = 
I(WT x). We take I as a sigmoidal type with a value in 
the interval (0, 1], e.g., l(t) = 1+;_ 011 •• 

Denote :X: = Wy = W I(WT x), representing a re-
construction vector of the input data x from representa-
tion y, the learning in the auto-associator can be based 
on the following optimisation criterion: 

J(W) = j p(x)llx- xWdx 

= j p(x)llx- W I(WT x)ll2dx (1) 

where p( x) stands for the input distribution. 
Eqn (1) is a special case of the Least Mean Square Er-

ror Reconstruction (LMSER) learning principle studied 
in the papers [13, 14], and using stochastic approxima-
tion with gradient descent, a learning algorithm for the 
minimization of J(W) can be readily derived [13]: 

W(t + 1) = W(t) + J.'t[xeTW(t)y' + eyT] (2) 

where e = x-x is the reconstruction error, y' is deriva-
tives of y, and J.'t is a learning rate. 

If the network outputs are constrained to be linear, the 
features that are extracted by the LMSER rule in Eqn (2) 
spans the M -dimensional principal subspace. In nonlin-
ear cases, the sigmoidal nonlinearity results in competi-
tion among the neurons for firing with a given input and 
brings selectiveness among the neurons. 

Our motivation for studying the LMSER learning rule 
Eqn (2) is to apply it to a nonlinear neuron model and to 
consider it as a general realization of the Hebbian mech-
anism. More specifically, given random pre-synaptic 
inputs x 1, l = 1, · · · , L, weight vector w and output 
y = q(Ef::1 x,w,), Hebbian learning can be studied by 
a same criterion eqn (1). A nonlinearneuron's weights 
can be adaptively adjusted to solve the optimization 
problem, and a stochastic approximation approach wiU 
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lead to the following learning rule 

L 

w(t + 1) = w(t) + IJt(erY + 'IJ:e, L s,w,(t)) (3) 
1=1 

where '19 is the derivative of u, {} = ul('I;f=1 x1w1) and 
er = zr - x, = x, -y 2:1 w, is the reconstruction error. 

As a special case ofLMSERleaming eqn (2), eqn (3) 
claims best reconstruction as a general Hebbian mech-
anism for a nonlinear neuron. In previous studies of 
autoencoders, the role played by individual units is ad-
dressed less. On the contrary, our focus here is to 
study the nonlinear neuron model and the correspond-
ing learning algorithm (3) as building blocks in a neural 
network. 

3 Laterally Interconnected Syner
getically Self-Organizing Map 
(LISSOM) Model and An Its Im
provement 

In many sensory cortical areas, the response properties 
of neurons are ordered topographically: i.e., nearby neu-
rons respond to nearby areas of the receptor surface. 
The topographic maps result from the self-organization 
of afferent connections to the cortex, driven by external 
input [12]. Several neural network models have demon-
strated how the global topographic order can emerge 
from local cooperative and competitive lateral interac-
tions within the cortex. A representative model is Koho-
nen's Self-Organizing map (SOM) [7], in which the use 
of a neighborhood function for updating neuron weights 
is the critical factor in generating topology-preserving 
mappings. The neighboring neurons cooperate and spe-
cialize for similar input signals and the neuron lattice 
organizes into an orderly topology-preserving state. In 
SOM, how the lateral interactions are self-organized has 
not been addressed. Some other models similar to SOM 
are also based on predetermined lateral interaction and 
focus on explaining how the afferent connections be-
come ordered. The self-organized nature of the lateral 
interactions themselves has not been addressed in these 
models. 

Recently, a number of neuro-biological experiments 
have stressed the importance of the development of lat-
eral connections. Like the afferent connections, lateral 
connections are also self-organized. In other words, 
both afferent and lateral connections have to be demon-
strated simultaneously for self -organization in an appro-
priate cortical map model. Such a model of cortical self-
organization called LISSOM (Laterally Interconnected 
Synergetically Self-Organizing Map, [10, 11]) was de-
veloped with this goal. Lateral and afferent connections 
self-organize cooperatively in LISSOM, and with suit-
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Figure 2: Architecture of the LISSOM self-organizing 
network. The lateral excitatory and lateral inhibitory 
connections of a single neuron in the network are shown, 
as wen as the afferent connections. 

ably abstracted visual inputs, LISSOM can model self-
organization of visual cortical structures. For example, 
the development of ocular dominance columns can be 
modelled with 3-D inputs, where two components stand 
for the retinotopic coordinates and the thrid represents 
an ocular dominance value. In the resulting map, the af
ferent weights exhibit rough retinotopy and alternating 
patches of eye preference similar to ocular dominance in 
the visual cortex. The lateral connections predominantly 
connect neurons with similar ocular dominance, as has 
been observed in the primary visual cortex of strabismic 
cats. 

The architecture of LISSOM is shown in figure 2, 
which is a two dimensional N x N grid of neurons. 
In LISSOM, a neuron has a set of afferent input con-
nections (i.e, from the external input to the map) and a 
set of lateral input connections (i.e, from other neurons 
in the map). Each neuron has an initial response from 
a weighted sum of the activations through its afferent 
connections. The lateral interactions between the neu-
rons contribute to the response to reach an equilibrium. 
Then all the connection weights are modified. 

The afferent and lateral connections are organized 
through a self-organization process. At each training 
step, neurons start out with zero activity. The initial re-
sponse Yii of neuron (i,j) is based on the inner product 
of the input and weight vectors: 

YiJ = u(L Wij,h.Xh.) 
h. 

(4) 

In the original form of LISSOM, u is taken as a piece-
wise linear function, with low and high thresholds being 
carefully chosen beforehand. 

The response in (4) evolves over time through lateral 
interactions. At each time step, the neuron combines 
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Figure 3: The focusing effect from lateral interaction on 
an unordered network. (a). Before the exchange of ac-
tivation&, all the connection weights are random and the 
initial response is also random. (b). After the exchange 
of activations, the response at the center of the net be-
comes enhanced. 

external activation with lateral excitation and inhibition 
according to 

Yi;(t + 1} = u(L Wij,h(t)xh +'Ye L E~cl,iiY1d(t) 
h kJ 

The afferent input weights are modified according to 

As required by the simple Hebbian learning, the in-
put to LISSOM must be normalized. On the other hand, 
several parameters must be carefully selected before-
hand, especially the lower and upper thresholds in the 
piecewise linear approximation of the sigmoidal activa-
tion. In the following, we take a as a continuous sig-
moidal function bounded between 0 and 1, for example, 
u(t) = 1/(1 + e-.Bt), with a nonlinearity parameter {3 
being dynamically adapted in the self-organization pro-
cess. Specifically, at the start of learning, the dynamic 
range of u(t) is relatively large. A'> learning progresses, 
{3 becomes large and the dynamic range narrows. 

The afferent connections are modified according the 
LMSER learning rule: 

Wi;,n(t + 1) = wi;,n(t) + P.t(c;;,nWij,n(t)xnY~; 
+ Yiici;,h) (8) 

+ 'Yi L: Ikl,iiYkl (t)) (5) where cij,h = Xh - x11 = Xh - L;;,h Yi;W;;,n(t) is the 
reconstruction error. k,l 

where E~cl,ii is the excitation lateral connection weight 
on the connection from unit (k, l) to unit (i,j), I~cl,ii is 4 
the inhibitory connection weight, and y~c1 (t) is the activ-

Simulations 
ity of unit (k, l) during the previous time step. The con-
stants 'Ye and "fi control the relative strength of the lat-
eral excitation and inhibition. The activity pattern then 
quickly converges into a stable focused patch of activity, 
usually within a few iterations of eqn (5). 

Before learning starts, all the connection weights are 
random and the initial activity on the unordered net-
work lattice shows a random distribution, as illustrated 
in Fig.3(a). The repeated exchange of short-range exci-
tation and long-range inhibition enhances activity at the 
center and suppresses activity away from it. The focus-
ing of the response is demonstrated in Fig.3(b). When 
the network becomes organized, the initial activity bub-
bles become smoother and lateral interactions then fo-
cus the bubble. 

In each learning step, after the activity has settled, 
the connection weights of each neuron are then modi-
fied. The lateral weights are modified by a Hebbian rule, 
keeping the sum of weight<; constant: 

In the simulations, each neuron initially connects to it<; 
neighbors within distance d with excitatory lateral con-
nections and to all neighbors within a larger distance 
d' with inhibitory connections. In our experiment, we 
choose d = 5 for self-organizing a 10 x 10 LISSOM 
network and d = 10 for a 20 x 20 network. We also 
choose 'Ye = 0.9 and 'Yi = 0.9 as in [10]. As the self-
organization progresses, the neurons grow more nonlin-
ear. In our simulations, the sigmoidal nonlinearity pa-
rameter is dynamically adjusted from 0.01 to 1. In Fig-
ure 4, we demonstrate the self-organization of the affer-
ent input weights. The weight vector of each neuron in 
the 10 x 10 network is plotted as a point in the origi-
nal input space. Each weight vector is connected to it'> 
four immediate neighbors by a line. The resulting grid 
depicts the topological organization of the map. 

(t + 1) "fij,kl (t) + aLYiiYkl 'Yi. kl = 3
' Lkl 'Yii,kl(t) + aLYiiYkl 

The self-organization process of afferent connections 
in the improved LISSOM is quite similar to that in Ko-
honen's Self-organizing Map algorithm. However, in 
the SOM process, the maximally responding unit is cho-

(6) sen through global supervision, and adaptation neigh-
borhoods are reduced according to a predetermined 
schedule. In contrast, in the improved USSOM process, 
self-organization is set up on purely local rules without 
global supervision. The shape of the lateral interaction 
is automatically extracted from the statistical properties 
of the external input. 

where Yii stands for the activity of the unit ( i, j) in the 
settled activity bubble, the "fS are the lateral interaction 
weights (Ei;,kl or Ii;,k1) and a.L is the learning rate for 
lateral interaction (a.E for excitatory weights and a1 for 
inhibitory). 
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Figure 4: Demonstration of the self-organization of af
ferent connections. The network is trained with a 2-
dimensional input vector x, with elements uniformly 
distributed in { -1, + 1}. The random initial values is 
shown in (a). Three stages after 1000, 20000 and 30000 
iterations are illustrated in (b) (c) (d) respectively. 

5 Discussion 

The LISSOM model demonstrates how lateral interac-
tion and topological organization of cortical maps can 
be learned simultaneously from correlation in the in-
put information. The model is biologically motivated, 
and its predictions agree well with experimental obser-
vations on cortical development. LISSOM is potentially 
capable of explaining various aspects of lateral and af
ferent connection development on the cortex. USSOM 
has shown how ocular dominance and lateral connec-
tions develop simultaneously in the visual cortex. How-
ever, due to the lack of sufficient computer resources, 
we have not simulated the improved USSOM model on 
similar problems and we take these as our ongoing re-
search topics. We are also aware that lateral interactions 
are still adjusted by the bao;ic Hebbian learning in the 
improved USSOM and it will be interesting to investi-
gate whether the lateral and afferent connections could 
be adjusted under a unified learning rule. 
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